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A Theory of Laminated Composite Plates and Rods

by

A. E. Green and P. M. Naghdi
Mathematical Institute, Oxford and University of California, Berkeley

] Abstract. This paper is concerned with small deformations of a class of

-
laminated layered composite plates and a class of laminated layered
composite rods utilizing a direct formulation of thermomechanical theories’
l ‘ of shells and rods. The paper is arranged in two parts, namely Part A (for

~ laminated composite plates) and Part B (for laminated composite rods), and

can be read independently of each other. In each part, after providing

the main ingredients of a direct formulation, fairly general linear

theories are developed which include both dynamical and thermal effects.

: Some applications to sandwich plates and layered rods are discussed in

detail.




1. Introduction

Among the many types of composite materials which have been studied,
layered media have received mﬁch attention. One group of such
media consists of a large number of alternating plane parallel layers of
two homogeneous and usually isotropic, elastic materials. Three main
approaches have been used to construct theories to describe their mechanical
behavior. One, termed the effective modulus theory, consists in replacing
the composite by a homogeneous anisotropic medium whose material constants
are determined in terms of the geometry and material properties of the
constituents of the composite. The second, called the effective stiff-
ness theory, yields more detailed information about the composite than the
effective modulus theory; and is expounded, for example, by Sun, Achenbach
and Herrmann (1968) with extensions by Drumheller and Bedford (1973). This
theory also has some connection with microstructure theories as shown by
Herrmann and Achenbach (1968) and Achenbach (1975). The third, discussed
by Stern and Bedford (1972) is based on a multi-continuum theory for
closely coupled mixtures.

Another class of layered media consists of multilayered shells and
plates. The earliest theory used for these seems to have been of the
effective modulus type for elastic composites, which gives useful, but
limited information about the behavior of the composites. A different
approach, used by Malcolm and Glockrer (1976) for a three layered iso-
thermal, elastostatic sandwich shell and by Epstein and Glockner (1977)
for an n layered elastostatic shell involves a single surface and a
single director, or n directors, respectively, one associated with each
layer of the sandwich, together with the use of variational procedures.
Another type of theory given by Epstein and Glockner (1979) models the

elastic shell by a surface and n directors associated with the surface, -




and again employs variational methods. Here there is considerable dif-

ficulty in identifying the elastic coefficients of the sandwich shell or 1
plate in order to render this theory useful for specific problems.

The effective modulus or classical theory for laminates consisting of
linear elastic material, has been extended to'a higher order theory by Lo,
Christensen and Wu (1977,1978) and has been discussed also by Christensen
(1979). This theory utilizes one expansion for displacements throughout
the laminates, whatever the number of laminates, together with a variational
procedure, and has been derived for statical problems under isothermal
conditions. Displacements and stresses are continuous at the interfaces
and the theory yields more detailed information than the classical theory.

A different higher order theory given by Pagano (1978), again is limited to
statical problems under isothermal conditions. Pagano (1978) assumes stress
distributions for each laminate which satisfy appropriate surface conditions
at interfaces, and derives the displacement fields and equations of equi-
librium with the help of a variatioral procedure.

With the use of an expansion procedure, Hegemier and Bache (1973)
have discussed special types of one-dimensional motions in a plate with
isotropic layers. Similarly, Fourier integral methods were used earlier
by Buffer (1971) for infinite plates with isotropic layers.

In the present paper a different approach from those noted above is
used to obtain a linear theory of elastic sandwich plates, one which is
available for dynamical problems and which allows for thermal effects.

The method used can also be applied to sandwich type shells and to materials
which are not necessarily elastic. The theory of plates and shells for
single phase media has a long history — see, e.g., Naghdi (1972). 1In

recent years considerable attention has been given to direct two-dimensional

theories from a thermodynamical point of view where temperature effects




along the major directions of the plate or shell are considered. The full
thermomechanical theory for plates or shells in which temperature effects
across the thickness, as well as along the major surfaces, are incorporated,
has been given by Green and Naghdi (1979a). In particular, the linear
thermoelastic theory for a plate is studied in detail (Green and Naghdi
1979a) and all the thermoelastic coefficients for an isotropic plate were
found in terms of the three-dimensional coefficients. This theory, extended
here to orthotropic plates, is immediately available for each individual
member of a sandwich type plate (or shell), together with appropriate
conditions to ensure continuity in displacements and surface forces at
interfaces, or appropriate specified values for surface forces or displace-
ments if other conditions prevail at interfaces. The final form of the
theory has some similarities to that given by Pagano (1978) when the
results are specialized to the isothermal static case. It does not,
however, vield immediate values for the actual stress distribution in
each laminate, but is concerned with force resultants and higher order
couple resultants. These, if desired, can be used to obtain approximate
values for stresses by a procedure similar to that of Pagano (1978).

In a similar way, the complete direct formulation of a thermoelastic
theory of a rod with rectangular cross-section, which has been developed
by Green et al. (1974) based on earlier work on the subject (Green and Laws
1966,1973), is employed in Part B (sections 10-14) to study the behavior
of laminated composite beams in which each layer of the composite is a plane
rod (or a beam) of rectangular cross-section with different orthotropic
properties. Although our main developments for composite rods are limited
to a linear isothermal theory, the same approach together with the use of
recent results for nonisothermal rods (Green and Naghdi 1979b) can be used

to account for thermal effects and a more general formulation of composites
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in the presence of finite deformation. A different approach from that
given here for rods has been used by Dokmeci (1973) who considered a
nonlinear isothermal theory of elastic, composite beams based on an
expansion for displacements in each layer together with a variational
approach for obtaining equations of motion. DSkmeci (1973) obtains his
constitutive equations for force resultants from the energy equation in
the three-dimensional theory but this portion of his work suggests some
doubt about the values of some of his constitutive coefficients especially
those for flexure.

Specifically, the contents of the paper are arranged in two parts and
can be read independently of each other: One part (Part A} is concerned
with the linear theory of laminated layered composite plates and the other
(Part B) is devoted to the linear theory of laminated layered composite

rods. In Part A (sections 2-9), first a concise summary of the basic

equations of the linear theory of orthotropic elastic plates, constructed
by a direct approach via the linearized theory of a Cosserat surface with
a single director, is given and this is followed (section 3) by a cor-
responding summary of a restricted linear theory of plates by direct
approach. Next, the developments in sections 2 and 3 are used to formulate
a linear theory for a laminated plate containing N laminates each consisting
of a plate of homogeneous orthotropic material of constant density and
thickness and each at constant temperature along with appropriate
continuity conditions for the tractions and the displacements at the
interfaces.

The results in sections 4-6 are specialized to composites with three .
laminates and are applied to a number of cases, which include the thermo-
static problems of the torsion of a three layer laminated rectangular plate

in the context of thermo-statics, the study of harmonic waves and the case
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of periodic force resultant distribution in a stratified medium consisting :

of a large number of alternating parallel layers of two homogeneous
orthotropic materials.

In Part B (sections 10-14), first a concise summary of the basic
equations of the linear theory of orthotropic elastic rods, constructed

by a direct approach via the linearized theory of a Cosserat rod, is

given. These are then applied (sections 12-14) to some simple static solutions

for composite rods and harmonic wave propagation along the composite rod.




Part A. Laminated Layered Composite Plates

2. Basic equations of the linear theory of orthotropic elastic plate

Consider a plate of constant thickness h, constant density p* and at
constant temperature 8, bounded by the planes z=*%h, where X, = (x,y,z) are
rectangular Cartesian coordinates, with unit vectors es along the X, -axes.
The plate has homogeneous orthotropic symmetry with respect to the z-axis
and two axes orthogonal to the z-axis. The basic equations for the deforma-
- tion of such a plate have been given in a number of previous papers and, in

particular, in the monograph by Naghdi (1972) which also contains values of

the mechanical constitutive coefficients for a linear isotropic, elastic

! ) plate (Naghdi 1972, Ch. E). The full thermodynamical coefficients for an

~ isotropic, elastic plate have been given by Green and Naghdi (1979a)., The

main equations and constitutive coefficients are summarized below in Cartesian
tensor notation with Greek indices taking the values 1,2. Partial dif-
ferentiation with respect to Xy is denoted by ( ),» and a superposed dot

denotes partial differentiation with respect to time.

We recall that a Cosserat surface ( comprises a material surface § and
a director assigned to every point of the material surface. In the reference
configuration, let the material surface be a plane SR which we identify with
the middle plane z =o of the plate described in the preceding paragraph.
Let u and § denote, respectively, the infinitesimal displacement vector and
the infinitesimal director displacement of,S'R (or the plane z=0). Then,

referred to the basis e;» u and § may be expressed as

u=ue +ues , 8 =5 +8eq (2.1)




and the strain measures are

=} =
eyg = HUy g*Ug o) » Pzy =634 s
(2.2)
Pag = Ga,B » Yo T sa"us,a
We denote the temperature change in the plane SR by 8 and the temperature
change along the thickness of the plate by ¢.
The contact force vector N, the contact director force vector M, the
internal force director m and the entropy fluxes k,% are given by
N = (Njgeg+VyegdVy » M= Mgeg+Myedv,
(2.3)

V e +-V33 , Kk =

where v:=vaea is the outward unit normal to a curve in the (x,y) plane in a

specified direction. The force vectors ,Et on the major surfaces z=*%h,

respectively, in terms of their components are given by

uE = utaSa'*utSES ’ 2 = g%t 2t 323 (2.4)
* *
and uk ,Rk are the entropy flux vectors, respectively, at these surfaces.
Then the field equations for forces and entropy fluxes, in which body forces
and entropy sources are zero, are
G-B o.+ut3+1t8_pu8 ’
- ) - = s
MaS,a Vs-vé h(ut3 2t3) pa63 , (2.5)
* *
-p -k -,k = pn ’
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h’l -V +1/2 h(utB-R«tB) = p S ’

o, B

Va,atubz etz = PU3

* * .
- -k - =
pa’a+p£1 2 h(uk g’k ) Dnl ’
where n,n, are entropy densities and El is an internal rate of production of
entropy.
The desired thermoelastic constitutive equations for an orthotropic

plate can be derived from a Helmholtz free energy function ¢ of the form

_ a8 2
20 = AXueaBeXu'*ZAkuekuGS'*A(GS) + EXUDSAQSU

of
* DxupaBpku'*DkquYu

2

+ 28636 + 28 ue + D8

Xuek
+ 2F, 0. &+ F¢°
PATLONT] ’

where for compactness we have designated the usual Cartesian tensor

5 . . . aB oB .
constitutive coefficients AaBAu’DuBAu as Aku’DAu defined by
aB _ afBn o _ 0f.Bn
M s A 0 D 876 ey
611 - 622 =1 512 - 621 =0

Also, the Cartesian tensor components of the thermoelastic coefficients

satisfy the symmetries

A = A = A s

adrn = Agaan = Aasur T Muae 0 M T A

Dugap = Prawos » Dt D v

The corresponding constitutive equations are

(2.6)

2.7)

(2.8)

(2.9)

[V—




(2.10)

and

= M = =-
MG.B - QBOU)\+ FGB® > VQ = DC!)\YX ’ 051 = b¢ ’
(2.11)
1

Dnl =- (FCthCtB +F$) , Pa == balq)’x

The various coefficients are given below in terms of three-dimensional

coefficients of linear orthotropic elastic materials for the case in which

the coordinate axes may be at an angle with the principal directions of

orthotropy in the plane.
In order to introduce the relevant three-dimensional constitutive

coefficients we recall that the (three-dimensional) constitutive equations

* *
for the stress tensor tij’ entropy N , heat flux vector q and entropy flux

~

vector have the forms

rs e* s % * _e_ e*
Bi5 T Cij%ps " C33% o PN T oyseist0 (/006
(2.12)
L] — ] *
9 =% ., p =7Pp;&

* —_ »*
) Pi=—(dij/9)9,j )
where e.lj and e* are, respectively, the strain components and temperature in
the three-dimensional theory, and Latin indices have the values 1,2,3. Again,
instead of the Cartesian tensor coefficients cijrs’ for compactness we have

used the notation c;i defined as




ij im.jn
P I e
TS mrs

11 33

sl . 622

2

=§" =1, Gij =0 for i#j

Also, the various coefficients in (2.12) and (2.13) satisfy the symmetries

C.. _=¢C_ ..
ijsr rsij

C,. . =C,. =
ijrs jirs

2

In the special case when the principal axes of orthotropy coincide with the

i % %51 0 Y45 % 44

coordinate axes, the non-zero components, distinguished by a prefix o, are

C11 C11 c11 c22 CSS
0711’ 0722’ 0733’ 0722° 0722’ o

0117 05227 0%33* o911

together with the values given by (2.14).

€33* 0%127 023’ o

33 12 23 C13
13°
’ od22’ od33’

When the axes of orthotropy in

the x,y plane are at an angle (say ¥) to the coordinate axes, the non-zero

coefficients are

11 11 33 22 33 33 12 23 13
€11 €227 C110 €220 S22 33 120 S23° ©13

11 12 33 13

€120 %227 ©127 ©23* C11°

d d

117 9220 ¢

337 ¢

together with the values given by (2.14).

€222 €332 €127

12° d21’

The values of the coefficients

(2.16) may be expressed in terms of the coefficients (2.15) by two-

dimensional tensor transformations between

oB 33 o3
cku’ caB’ CBS’

and
o 33 a3

ocku’ ocaB’ ocB3’ o]

respectively, together with

10.

CQB 3 das b

B’ odaB’

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)




33 33
€33 © o33

, dyp = do. . (2.18)

» €33 ° 33 - 0%33

33 - 033

In order to specify the constitutive coefficients in (2.10) and (2.11)
in terms of the three-dimensional coefficients (2.16) it is simplest to use
axes which coincide with the coordinate axes x,y and relate simple exact
solutions of three-dimensional elasticity with solutions of the equations
(2.5), (2.6), (2.10), (2.11). Coefficients with respect to general axes
in the x,y plane may then be found by appropriate tensor transformations.

The results are

of _ ., of _ .33 L. 33
Aku = hclu , AaB = hcaB , A= hc33 ,
_ an3 A3 _ - .
| W Eas- gh GaACBS , p=ph , BaB = hcaB , = hc33 ,
(2.19)
* —~—
D=-p ch/b , a8 = hdas/e s
! 81158251 » 835685 =0
and
caBCSS
P hS(caB _ 33 Au) ,
AM 2 Al c33
33
_ A3 - 1,2
DaB = Bhéa)\css y Q 12 h >
33
c oc
1.3 _ o833
{ FQB == 12 h (CG.B c33 ) 2 (2.20)
2 33
)
: * C.-C
: F=--1—h3( c 33 33) , *
12 7 c33
! 33
3
h 1 h
b==4d s b, =75y —d
’ 5 33 af 12 9 oB
An approximate comparison with the torsion problem for a plate, or an exact
comparison with one of the flexural modes of wave propagation, leads to the i
, 11.
, 2
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choice §¥=n2/12 for B. This is approximately 5/6, the value specified in

previous papers. The value of B is much more dependent on the particular
problem chosen as a basis of comparison. Here we choose 8=-T%6 as in
previous papers.

For one purpose below we require equations of the form (2.12) for a
plate which has symmetry of structure at any point only with respect to
directions normal to the middle surface, i.e., in the z-direction, but
does not necessarily have symmetry with respect to the x and y directions.

The non-zero coefficients in (2.12) are then the set given by (2.16),

(2.13) and (2.14).

12.
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3. Summary of a restricted linear theory of plates

In addition to the theory summarized in section 2, in subsequent
sections we wish to consider also the use of a system of equations which
correspond to those of a classical (Poisson-Kirchhoff) linear theory for a
plate .having symmetry with respect to directions which are normal to the
plate but which is not necessarily orthotropic. These equations may be
obtained from the present equations by a limiting or approximate procedure.
Alternatively, they may be derived from linearization of the restricted
theory discussed by Naghdi (1972, Secs. 10,15), but extended here to account
for full thermal effects and expressed in a slightly more general form. The
plane faces of the plate are given by z=a, z=a+h where a is constant.
Again, we identify the material surface SR in the reference configuration
with the plane z =0, which is any suitable reference plane in the
plate. In the restricted theory the director is coincident with the outward

unit normal to the plane~5R so that § =8, B==Bafa, B , while the

= -u
o 3,0

infinitesimal displacement u is still given by (2.1)1. The relevant field

equations in the restricted linear theory are

Nag,atuls *a% = PU » Wtz etz =0
k* *
-pu’a = u - 2k = pn »
My o Vg * (avh) tg+a ytg = 0, (3.1)

Va,a * ut3 * zts = PUgz

1
~P

* * .
G,G"pEl‘ (a+h)uk -a Rk = Onl )

where for a plate which has symmetry only with respect to the z-direction




AU =AU T <!
aB AaBeku +A agPapu * BaBe * Ba8¢

=
1}

H

T/
- (Bug®ug * FapPup

on +D8+D') ,

=_a ~al
Pe =~ 38 22?0

and

Do, +RARe

= k- T
Mg = PagPru* Ao * Fop? * Fog®
= .- (% n/ T Y/
PNy = (FupPug * Byglog * FO* D70
p.=-5 6, -5.0 pE, =-bo
e P AT 0 P, ’

(3.2)

(3.3)

Also Vo is not now determined by a constitutive equation. The various coef-

ficients may be specified in terms of the coefficients (2.14) by studying

simple problems which have exact solutions in three dimensions.

For later

convenience we assume here that the coefficients (2.14) are functions of z.

Thus




af _ o
C>\u = Clu
CaB-CaB
*
C=p —E—ﬁ-
6
15.
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Laminated plate

We suppose that the plate contains N laminates each consisting of a plate
of homogeneous orthotropic material of constant density and thickness and each

at constant temperature 5. A typical laminate, the nth

, has constant density
*
e and thickness hn and lies between the planes z=iﬂli% hn where Hn is

constant, and each laminate is glued to its neighbours. Hence
+hn) n=1,2,...,N-1) . (4.1)

The principal directions of orthotropy of the nth laminate are at angles €

to the x and y axes; without loss of generality one value of €, (n=1,2,...,N)

can be taken to be zero. The thermoelastic coefficients for the nth laminate

are denoted by the symbols used in (2.12) with an additional prefix n; thus

nc}?, n ij’ ndij’ "¢ and the relevant coefficients are specified by (2.13),

(2.14) and (2.16). These coefficients may be expressed in terms of the

principal values (2.15) and the angle €, by the usual tensor transformations.

Each laminate is assumed to be governed by plate equations of the type

given in section z with constitutive coefficients specified by nAxu,...,nl-',...,
nbaB' These, in turn, are given in terms of the coefficients in (2.16) by
formulae of the type (2.19) and (2.20), each coefficient having the prefix n
as in ncgﬁ. The displacement of the middle plane :z =Hn of the nth laminate,
together with its associated director displacement, are denoted by

vy = data tuses 8y = 8uegtO3e (4.2)

The two temperatures associated with the laminate are denoted by en,¢n. Since

displacement and temperature are continuous at each glued face of the laminate,

it follows that

16.
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1 = 1
En+1 - hn+1§.n+1 B *i hn§.n
, (n=1,2,...,N-1) . (4.3)
2 = 1
en+1 % hml(bn*-l en+'§ hn¢n

The forces acting on the faces z=H tX% hn of the nth laminate are

n
n_ _n n n_ .n n
ut T utafatu®3%3 0 2l T p%aSatetsSs (4.4)
*. *.
and the corresponding entropy fluxes are uk n,zk M Because forces at the
boundary of two laminates are equal and opposite and entropy fluxes are
continuous, we have
n n+l *n *n+l _ _
of tat =0 , uk +£k =0 (n=1,2,...,N-1) . (4.5)
Forces, entropy fluxes and temperatures at the outer boundaries z =H1 -% hl,
z =l-LN+’/2 hN of the plate are respectively
1 *1 ; N *N ;
ot Zk s 91 % h¢1 and ot uk , 9N+/z hN(pN (4.6)

Although we have considered only surface conditions for laminates
attached continuously to its neighbors, the above conditions may easily be
modified to allow for other interfacial conditions. Force and director

force vectors and tensors, entropy fluxes, vectors and densities, etc., for

th

the n™" laminate are denoted by the symbols used in section 2 with an added

In

index n. Thus, e.g., we have Nﬁ,lNin,N;‘Le,...,n",rfl‘,...,pOl .

th

The equations of
motion and entropy balances for the n~ laminate are of the same form as

(2.5) and (2.6) with the added index n, so that

17.




for n=1,2,...

% h (gt 2)

uB SLB

+ t
u

+2,t

n -
Vg,a 3 =P

1 n *
'par,‘a *on8y - % hn(uk "-
,N.

The constitutive equations

n
NﬁB

n, AL n
AaB e)\u

n

33
V= My

n n, N n
3 aBeaB + A63+ Ben ,

n__on, n_n n _n
o =- (B dg+ Byg s * D8y

N nDAu n

n
aBpL\)\

Fa

M

aR B¢

n i4

n n
pngl == b ¢n

In _

n
Py bozB ¢n »A

-paé

n

are

M+Tp 8

8 n °’

n n
M =

n
a3 EaADSA :

n—
» Pa"‘

n
aaken,k !

Vn=n

n
a " DYy o

n__n n ,n
’ Dnﬂl = ( Faepae + F ¢n) »

Equations (4.3) give N-1 relations between the 2N variables un,Gn

n=1,...

boundary conditions at the edges of the plate.

,N) so that some restriction is placed on the freedom of choice of

To determine possible choices

of boundary conditions we consider the rate of work of external forces N

' and external director forces M® which is

18.
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(4.8)

(4.9)

(4.10)

(4.11)




Now, from (4 2) we have

- 1
Up = Sy e 8 vy
n-1
- 1 -
u =u +/¢(hn§n+h1§1) +r;‘22 hrér (n=3,...,N) ,

so that (4.11) may be written in the form

. N on.: 1 N
R=u,* IN'+8 «+M+%5h T NY
b TS TR 1 <
n=1 n=2
+§N'Q4N*1/2hnyN)
N-1 . 0 N
+I §n'(Mn+’/zhnN +h. © N

n=2 r=n+1"

The expression for R indicates that boundary values may be chosen for
ﬁ1’51""’5N or their coefficients in (4.13).

Similarly, in view of (4.3), some restriction is placed on the freedom
of choice temperature or entropy flux boundary conditions at the edges of

the plate. The total heat flux at an edge

N

h=t (k" +12")
n=1 n n
N N
RN (AR S W SR NSRRI

n

n=1 n=2

N-1 0 N N

+ I ¢)n(2, +% hnk «¢-hn r k7)

n=2 r=n+l

=61

Boundary values may be chosen for el,¢1,...,¢N or their coefficients in
(4.14). Alternatively, N+1 boundary conditions of a suitable type may be
prescribed at each boundary.

*
The above theory of laminates provides values for Ngs,MgB,vg,Vr; but not

As is customary, through appropriate definitionsnof stress resultants
(see Naghdi 1972, Secs. 11-12), the quantities Nas,Mgs,Vg may be
interpreted as membrane force resultants, bending moments and trans-
verse shear resultants, respectively.
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for stresses. [In fact, any plate (or shell} theory, whether constructed by
a direct approach or derived from integration of the three-dimensional
equations across the thickness of plate (or shell), can only involve forces
or resultants and not the components of the stress tensor.] Information
about the latter, if desired, may be obtained by introduction of an
additional assumption. In particular, in the context of the present paper,
some estimation of the three-dimensional stress distribution across each
laminate may be obtained by a procedure similar to that used by Pagano
(1978). Approximate expressions for the in-plane stress components tge
for the nth laminate which are consistent with the definitions of N:;B,Mn

B

as stress resultants are

o112
the = 7= Yos * =3 M
n hn

With the help of the three-dimensional equations of motion for the nth

laminate together with the surface conditions (4.4) and equations (4.7) and

n

and t3

(4.8), we may obtain the following expression for tg 3 namely

3
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8z .2 , .2 __ 1 2
+h3 (z /,,hn)Vg’B T (3z h)(tBB+2BB)
n
6 2, .2
I ORL R I Y
n
1 ,2_, o)
Y2 3 he )(u 3743
n
Z n n
Ca (st ets) (4.17)
n
We note from (4.16) and (4.17) that
/hn . %hn n n il
J 63 VIB’ > J-yzh (tss' ZtBS,B)dZ = S-MES,B > (4-18)
n
in comformity with the values of Vg,vg,Mgs but (4.16) does not fit in with
the value for Mgs. This is partly due to the nature of approximation in

the special assumption (4.15).




5. Effective modulus theory

We summarize here an effective modulus theory similar to the classical
theory for sandwich plates of the type described at the beginning of section 4.
The theory is dynamical and includes thermal effects. The composite plate
is regarded as a single plate with symmetry with respect to directions normal
to the plate, and its motion is governed by equations (3.1) to (3.3). The
coefficients in these equations are specified in terms of the constant coef-
ficients of the separate laminates by using the formulae (3.4).

With the help of the values (2.19) and (2.20) for each laminate, the

coefficients in (3.1) to (3.3) have the values listed below:

o
™




~N

3




6. Simple static problems for a laminated plate

We consider first the simple homogeneous extension of the plate, using
the theory of section 4. Recalling (4.2) and the conditions (4.3), we sup-
pose that the components of the displacement and the director displacement

vectors and temperatures of each laminate are given by

n n _ n _ - -
ul-Lx+My > Uy Mx+ Ny , 5a-o s en e , ¢n o ,
ntl n _, n+l n = -
3 -Uy = % hn+163 +% hn63 (n=1,2,...,N-1) ,

where L,M,N,e,un,sg are constants. Then,

With the help of (4.9) and (4.10), it can be seen that equations (4.3),

(4.7) and (4.8) are satisfied provided

n _ n _ n _ n _ *n _ *n _
utB—O,ztB-O,uts-o,lts-o,uk =0 , ,k 0
forn=1,2,...,N and
o n n, .;n_ _n n n
V;-u . A 83 Ayg®ag - B Oy

By (6.4)2, the kinematical quantities 6'; are determined in terms of the
constant strain components ezs = €48 and constant temperature en =0.
Then, ué may be an arbitrary constant and ug is given by (6.1) for

n=2,...,N. From (6.4), (4.9) and (4.10) we have

(6.1)

(6.2)

(6.3)

(6.4)
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Making use of (5.1), we calculate the expressions for the forces NaB’
director forces MaB with respect to the reference surface SR (or z=0) in

section 4, and entropy densities for the whole plate, in the form

N
- no_ Ay |

NaB nEINaB Aasexu"BaBe ’

NGO _
°n =n§1°n” = - Bugup - D%

N n — /AU =/

hhg nilﬂ“NuB = A aﬁeku"FaBe s
N =/

Py nilannn ~BugCag D 8

Comparison of (6.6) with the constitutive relations (3.2) and (3.3) shows
that for homogeneous extension of the composite plate the overall moduli are
the same as those used in the effective modulus theory of section 5.

Next, we consider flexure of the plate with the reference surface
SR (z=0) unstretched and the entire plate remaining unchanged in
temperature, Again recalling the continuity condition (4.2) and the

relations (4.1) we take displacement components and temperatures in the

forms

25.
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n _ n _ n _ n
61-Px+Qy , Gz-Qx+Ry > Uy Hnsa ,
(6.7)
ug=-’/sz2-Qxy-’/zRy2+Kn . ¢, =0 , 8 =0,
where P,Q,R,Kn,¢ are constants. Also 62 are constants subject to the
conditions
n+l .n _ n+l n -
K -K —’/zhn+163 +% hnGS (n=1,2,...,N-1) . (6.8)
. Then,
n o _ - n _ n _ - n o _ - n o _
Plp “ P11 =P 5 P =Py P = Q s 0y =0 =R, 05 =0,
(6.9)
n _ n _
- eaB_anaB » Y3 =0
Equations (4.7) and (4.8) are satisfies provided (6.3) and (6.4) hold, where
(6.4)2 determine 62. The constants K" can then be found from (6.8) with K1
! . being chosen arbitrarily. From (6.9), (6.4), (4.9) and (4.10) we have
h n, n n, n
A A A B
_ n,Au af Al n _ n aB
NZB = Hﬂ( AU. - nA )pku ) Dnn -_Hﬂ( BGB - nA )pGB s
(6.10)
_ DN AU n_ n
MZB - Daspku » PNy T FaspaB !

E From (6.10) and (5.1) we then obtain
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N N
. | =AU n ~
N = N = A N = 7 =-F
(6.11)
MaB =n§1( oB '*Hn aB) = DaBpXu > Py =n§1°n(n1"unn ) ="FaBpaB !

where'NOL8 and Mus are computed with respect to the reference surface SR
(or z=0) in séction 4. Comparison of (6.11) with the constitutive
relations (3.2) and (3.3) for pure homogeneous bendi:; in which €af =0,
¢=0, 6 =0 shows that the overall bending moduli are the same as those
used in the effective modulus theory of section 5.

In the foregoing examples the overall moduli for simple extension and
flexure of the composite plate are the same as those found from the effective
modulus theory, but this is not generally true for more complex problems.
For example, if the plate is subjected to a constant temperature difference
between its major surfaces, then the overall moduli differ from those for
the effective modulus theory. Moreover, for more complicated problems it
is difficult to complete the analysis based on the theory of section 4
without specifying a particular value for the number N of laminates. On
the other hand, it is no more difficult to use the effective modulus theory
of section 5 for N laminates than for 1 or 2 laminates. For many purposes
this theory may be adequate but sometimes a more detailed theory, such as
that in section 4, is required. For example, studies of simple harmonic
wave propagation by the effective modulus theory fail to indicate any
dispersion effects.

The theory of section 4 can be used as a basis for a numerical discussion
of thermo-mechanical response in a composite once N and the composition of
the laminates are given. In the next two sections, we limit our attention
to further analysis for one particular composite consisting of 3 laminates
of orthotropic material whose directions of orthotropy coincide with the

X,y axes, the two outer laminates having the same thermo-elastic moduli.
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7. Composite with three laminates

In the theory discussed in section 4, we now restrict the axes of ortho-
trory of each laminate to coincide with the x,y axes so that non-zero constitu-
tive coefficients for each laminate are given by (2.15), with an added
prefix n, and by (2.13) and (2.14). The composite consists of three
laminates in which the outer ones have the same mass density, thickness
and elastic moduli. We choose the reference plane SR (or z=0) to be mid-

way between the faces of the composite plate. Then,

hy=h , Hy=0 , H o=-H =%(h+h) |,

3 1 2 3 1
(7
* o 3,08 _ 1,08
03 = pl ’ AA” = A)\H 3 etc.

Evidently, for 3-layer composite, the equation of motion (4.7)-(4.8) and
the constitutive equations (4.9)-(4.10) separate into two groups: One
group represents.the extensional motion (or the stretching) and the other
characterizes the flexural motion (or the bending). In order to record the

relevant equations in an economical manner, we introduce the quantities

+ - .
ug, ug, etc., defined as follows:

1)




1 3 - 1 3 1+ 11 13 1- _ 11 13
=Py*Py » Py Py~Py » Py =Py *Py » Py =Py Py

o
R
t

1 3 - 1 3
€1=€1*g1 » €1=El-€1

Then, with reference to the 3-layer composite, the first group of equations

appropriate for extensional motions are given by




-

—-_—-——rﬂ

2 2 1 =2
Nog,a* uts” utg = P2¥s ¢
2 2, 2 12
Mis,o " V3* ihp Gtz 3l = P80 (7.3)
2 % .2
“Py,a” uk * uk = PN

2 ZAll 2 +2A11 2

Z
1]

2 2 2
+ A1163+ B, .0 ,

11 = At f22%22 11°2
Ngz = 2“;:12351 * ZAggegz * 2A22‘% +%By08,
N3, = Ny = 2 gtz
vi = ZAnefl . ZAzzegz s2asietBe, (7.4)
Mis = 2E11"%1 , g - ZEzz"gz ,

2 2, 22 2 2 2 2 2

pyn” =B 83 -"Byyeyy - Bypfppm D 6

2 k4

2_ 2 2 2
pp=-"a3%, 0 P27 3585,2 -
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+
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+
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Np lAiieil* lAiieEz* 1A116;* 1311e+ g
N33 = Agper * 1“55‘*;2 « 1,85+ 13229+ ,
Njp = 2 'Ajge],
v o= Tager; v tagen, a6y g o*
O NN W
O O S O N
My, = 102"11 * loggpiz * 2F22¢- , (7.6) |
My = My = D30T ) |
v = 1D11“’1 » V= 1DzzY.;. ’
SUNER lBueIl - IB22‘3;2 - 65 et
ong = TFyyeyy - TFppezp - T,
pI = lauetl . by =- a229:2 ,
p}— 11’11‘1°:1 ’ p;- lbzz"’:z R L L

where

u = 2u§-'4 h8l , uy = -rxzaé-'x2 hoy » 8% =20,-%he . (7.7)

The second group of equations appropriate for flexural motions of the

3-layer composite plate is

31.
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2 2, 2 1, =2
Mg,a™ Ve * % MaGtg * ytg) = P28
2 1 -2
Vé,a+ut3-ut3 = Pz (7.8)
12 2 x2 e .2

1 -
-p *ngl - hz(uk +'uk ) - pznl »

a,a
2 2112 2112 2
Mg = DirPrn* Dot Frp%s

2 2112 2222 2
DyoPy1* DpzPpz* Fppd,

_ 212 2 2 2 2
MiZ-Mgl— DiplPp*Poy) » Vi = "Dyyvy s

. Mo

"

2 2.2 2

2 DzzYz , (7.9)

2 2. 2 2. 2 2
PNy == FiiPr1 - FagPa - F oy

12 2 12 2 2 2
Py == Pnifa,1 o Py TPty o PRt RO,

and by

]
X
(o)
(2]
~—
[
©
—
Q
—
o
w
-

“Py,au u u 2

1+ . *1 %2 %3
-Pa’a+01€1-’5 hiGk "+ gk K




- _ 111 - 1,11 - 1 -1 -
Nip = Al t A%t AppSst By®
-~ _ 111+~ 122 - 1 -1 -
Naz = TA22%11 % Aga®ppt A8 B8
- 1,12 - - 1, - 1, = 1, g1, .-
| le =2 A12e12 . V3 = A11e11+ A22e22+ A.63+ B O .
- 1 - - 1 -
Mz = EpPis 0 Mpz = TEjpPps
+ _ 111 + 111 + 1 +
Mip = PIPupt PPt F®
+ 111 + 1.22 + 1 +
Maz = "DpaPyy * "Dp2fp* Fypt
ot o 1.12, + +
Mg = My = D505+ 051) s
- + 1 + + 1 +
Vio= DYy oo V3= TDyvp
-1, - 1, = 1. .- 1 .-
PN == Byy®yy - Bypfyy - BSz-DE
‘ ' + 1 + 1 + 1 +
N PNy =~ FaPyy - FpgPpp - F O,
- 1 - -_ 1
Py =- 3% 1o Py=-agd 5o
1+ 1 + 1+ _ 1 +
1 T bt 0 Py byt o
+ 1 +
plsl - b ¢ s
where
wos-h82-%h 8 , ut=202-%n8] , 6 =-hd -%h,o
f 2°a 1'a > 3 377173 272 1
In the remainder of this section we consider an example in the context
of thermostatics, namely the torsion of a three layer laminated rectangular
plate. Let the plate be bounded by the planes x =*X% a, y =2% &,
z = t(h1+’/zh2) and let the plate be subjected to the action of couples
about the y axis over the ends y =t% &, For this problem, ¢1,¢2,¢3,
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61,62,93 are all zero and we choose the following forms for the components

of displacements and director displacements which are compatible with (7.7}

and (7.12):
1 3 2 1 _ 2 _ 3
uy = HlTy s Uy -‘~ley » vy = o , 61 = 61 = 61 =Ty |,
uh o= ok A vhB(X)] , w =% ThAM) +h B(X)] , ul =0
2 : 2 1 * V2 2 1 2 ’
(7.13)
1 _ .3 _ 2 _
62 = 62 = 1B{(x) , 52 = TA(x) ,
12 _ 3 1_ 2 .3
Ug = Ug = Ug =-TXy , 63 = 63 = 63 =0 ,
where T is the twist per unit length and A,B are functions of x only. It
follows that u;,u%,é;,dg are all zero and relevant equations are (7.8) to
(7.12) for flexural motions. The components of displacements and measures
of deformations are
- - +
u, = 2H1Ty y Uy = r[hZA(x)-+hlB(x)] » Ug =~ 2Ty
+ + -
61 = 2ty , 62 = 21B(x) , 63 =0 ,
(7.14)
2 .2 _ _.dA 2 _ . )
P12%P2 = U+ > vy =t(A-x) , v, =21(B-x) ,

1

- 4B, da Yoot = (8B
e1p == % Thh (Gr+ D +h, G+ 1], 05405, = 2T(5+1)

the remaining components of strain being zero. It follows from (7.4),

(7.6), (7.9) and (7.11) that the components of various forces and director

forces are given by
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2 _ 212 dA, _2
tz M‘z'1 DlZT(d 1y, Vz- DZZT(A-x)

12 2
- _ N .1 12 dA
le = N21 = 'r[h ( +1) +h2(dx+1)] , (7.15)
T S | 12 dB + _ 41
M12 = M21 =2 'r( 8. n o, V2 = 2 DZZT(B-x) ,

the remaining components being zero. Given that the forces utg, zti on the

faces of the plate are zero, the equations of equilibrium (7.3), (7.5),

(7.8) and (7.10) are satisfied provided

2 i
M dN
12 , 2 1, 12 1 2
ax ngzhz(utz*utz)‘o » T3x T ut2tu®2 0 o
+
M
- 12 2, 1 2
Ix V2+ h(t + tz) =0 , utz-ut2 , (7.16)
1 2 1. .2
' utl_utl_ut?s‘ut3‘0

- Substituting (7.15) into (7.16) and eliminating ut,l, +ut§, we obtain
i the following differential equations for A and B:

| 2 2

b8 48 a0,
dx dx
(7.17)
Z 2
cdg+d‘;—e(B-x)=0 ,
dx dx

where the coefficients b,c,d,e are given by
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. D2ty Ay e etth Ao
% hyh, ‘ATS % hyhy tar2
, 1 (7.18)
d=i_D§_2_ﬁ , e=4_11%£1_2
hihy A2 hihy AL

We need to supplement the differential equations (7.17) with suitable boundary
conditions. To this end, we first note that in the torsion problem under
discussion there are no applied forces at the edges x=*a. Then, in view of
(4.13) for the special case N=3 and recalling the nonvanishing expressions

in (7.15), the appropriate edge cond.tions are

+

: 0 , M_-%hN_=0 on x=ta . (7.19)

M

-%h

M2 ©
The above conditions are satisfied if

dA _ dB - _
-&4»1-0,&4-1-0 on x=%a . (7.20)

From (7.17) and (7.20), it follows that

A =x+L sinh nx+M sinh mx |,

B=x - bnz-d L sinh nx - bmz-d M sinh mx |,
n m
where
2 2 2
Ld(m“-n")cosh na+2n[(b+1)m" -d} = 0 ,
(7.22)
22 2
Md(m“-n“)cosh ma - 2m{(b+1)n“-d] = 0 ,
and n,m are the positive roots of the equation
4 2
(bec-1)A - (dc+be)r" +de = 0 . (7.23)

The couple at the edge of the plate, measured per unit length, is
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given by
(xe1 + yez) x N2 +e, X 9112

+ (e +ye, +He) xN v e xM!

3 3
+ (xg1 +ye, +H333) xl}f tes xy . (7.24)

Over any edge y = constant, with the help of (7.15), (7.24) becomes

2 + 2 + - 2 +
gly(v2 + V2) + gZ[M21 + M21 + H1N21 - x(V2 + Vz)] . (7.25)

This yields a resultant couple TG over v =constant about the y-axis given by

a
2 + - 2 +
16 = J_a{MZI + M21 + H1N21 - x(v2 + VZ)}dx . (7.26)

It can be seen from (7.16) that

+ -
21+l\'121+H1N21) , (7.27)

so that with the help of this result and the edge conditiomns (7.19)}, (7.26)
becomes

a
2 + -
TG = 2 J_a{MZI +My +H1N21}dx . (7.28)

With the help of (7.15), (7.18), (7.21) and (7.22), it follows from (7.28)

that the torsional rigidity of the laminated plate is

2 2
h, 1Ai§[(b+c+2)a , dd- (b+Dm }{(l-bc%n ;-d(c+l)}tanh na
nd(m”~-n")

G=4h1

_{d- (b+l)n2}{(l-bgm2 +d(c+1)}tanh ma 1
2 2 '
nd (m%-n?)

It can be shown that when h, +0 (7.29) reduces to the known value

1
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’a hS 2c12 2c23
2 "2 tanh ma T 23
G*———:S———(l-——nTa——) R m-h2 (—--—2 12) as hl"o (7.30)
€12
. . 212 223
for a plate of thickness h2 and moduli €120 Co3 computed from Cosserat
plate theory. Similarly, when h2-+0, (7.29) reduces to the expected value
3112 123
16a hy "¢ Chz 1
1 12 tanh ma _.m 23.%
G~ 3 Ad-—=" » "7 1P (7.31)
1 "¢
12
112 123

for a plate of thickness 2h1 and moduli €3+ Co3e

When the width 2a of the plate is large compared with both thicknesses
h,,h

2 of the laminates, then na and ma will be large and the torsional

rigidity (7.29) reduces approximately to
- - 5y1,12
G 4h1h2a(b+c42) A12 . (7.32)

Also, with the help of (7.18) and (5.1), the result (7.32) becomes

| —12

G = 8a D12 (7.33)

This is the same value which would be obtained by using the effective modulus

theory of section 5. However, if 2a is not large compared with both h. or

1

h, the effective modulus theory is not sufficient for the discussion of

-

' torsion. This is in contrast to the situation for pure tension and flexure
of the plate, where the effective modulus theory gives satisfactory values

| for overall moduli.
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8. Harmonic waves in 3-layered plate

oy

We consider here wave propagation in a 3-layered composite plate of
the type discussed in section 7 utilizing the two groups of equations (7.3)
to (7.7) and (7.8) to (7.12). We limit our attention to the propagation
of harmonic waves, under isothermal conditions, along the x-direction of a
composite plate whose major faces are free of forces and couples. We
assume that all variables contain a factor exp i(Ex -wt), where §,w are
constants, so that this factor can be removed throughout the calculations
that follow. The group of equations (7.3) to (7.7) then separate into two
further groups, the first being concerned with symmetric SH waves and the
second with symmetric plane strain waves. For SH waves we have non-zero

values for ug,a-,u; and

2 _ ...212 2 + L., 1,120
Nig = 180AGu, Ny = 180AL)Y,
- ier1.120 - - _ 1 - + _ 52 -
Mpp = 180D)6, » Uy = Doy b uy = 2up-5hs,
. 2 1 _ 22
15N12+ut2'ut2 =-p0uy (8.1)
s ot 1 2 _ 2 +
1Nt Tyt TP Yy
iEM., - Vo +% h, ( tl— t2)=—p o, w6
1277277 MMu"2 w2 171 "2
A non-zero solution of equations (8.1) leads to the dispersion relation
att v (b-cwd)E? - dwd vent = 0, (8.2)

where




2112 212 , . 112
a=h(co)h, Teppedhy )

7% 1 23 2 12 112

b= Cepmdhy Tepp+2hy Tegr)

w2 212 %3 w2112
¢ = prhihy Tegp v (0ghy FeohR ) ey (8.3)

7% 1 23, *

a =T Cegplognys2om)
L * 2. * "
e =% p,hi(2p,h, + 0 hy)
and where use has been made of the expressions of the form (2.19)-(2.20).
The dispersion relation (8.2) yields two expressions for 52 as a function
of mz, corresponding to two different modes of propagation of SH waves. In

one of these

* *
h, +2p.h
2 d 2 Pt 2
R ST o Ti12e (8.4)

2 127 Cp2

as mz-*O. This agrees with the values obtained for SH waﬁes from the

effective modulus theory of section 5. [Recall that there is no dispersion
relation in the effective modulus theory.] In the case of isotropic layers
the limiting value (8.4) as w0 agrees with the full three-dimensional
theory by Lee and Chang (1979).

Symmetric plane strain wave propagation on the basis of the theory
characterized by (7.3) to (7.7) yields equations for ui,u;,u;,sg,éi,éz. A
non-zero solution of these equations gives a quartic dispersion equation for
52 in terms of mz. We omit the details but note that one root of this quartic

is such that

* *
e, Pahy * 2047 8.5
2 2112 T2 :
RO 20 S S A WPTUS U0 § S
2t 117233t T T 3E
33 33

as w+0. This agrees with the value predicted for symmetric plane strain
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waves from the effective modulus theory of section 5 which has no dispersion

relation. In the case of isotropic plates the limiting value (8.5) as w=+0
agrees with that found from the three-dimensional theory by Lee and Chang
(1979).

In a similar way, the group of equations (7.8) to (7.12) separate into

two further groups, one for antisymmetric SH waves and the other for anti-
symmetric plane strain waves. In the first group we have nonzero values for

6 62,u2 and in the second group Gl,u st 63,u ul are nonzero. For anti-

. 1’73
symmetric SH waves we find a quadratic dispersion relation for EZ in terms of
mz. There is no wave of this type to be found from the effective modulus

theory of section 5. Also, in the case of antisymmetric plane strain waves

. there is a quartic dispersion equation for EZ in terms of wz. One root of
this quartic is such that
. * *
| g Pohy * 20,0y
I T (2112 1112 (8.6)
~ 1 .32 11 33 2.3 2 111 €33
13 hpley) -~ g5+ G A whihy % mpno) (e - 133
€33 €33

as w>0. This agrees with the value predicted for antisymmetric plane strain
waves from the effective modulus theory of section 5 which has no dispersion
relation. In the case of isotropic plates the limiting value (8.6) asw-+ 0

agrees with that found from the three-dimensional theory by Lee and Chang

(1979).
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9. Large number of laminates

The theory of section 4 and section 7 may also be used to discuss
periodic stress distribution in a stratified medium consisting of a large
number of alternating, parallel layers of two homogeneous orthotropic
materials whose directions of orthotropy coincide. We consider only the
case in which deformation and temperature fields are identical in every

other layer so that

' hn+2 = hn + Y2 T Yy §n+2 = §n ’ en+2 = en i ¢n+2 = ¢n : (9.1)
In view of the continuity conditions (4.3), it follows that
~ Ynel =% > Pperbper T oMS, o
(9.2)
en+1 = en ' hn+1¢n+1 =-hpe,
“ We may now select three typical laminates, say 1,2,3, and use the theory of
~ section 7 in which
u, =0 , §;=0 , 87 =0 , ¢ =0 ,
i i
+ + 2 + +
ui = Zu ’ h16i = - thsi ) e = 262 ’ h1¢ == 2h2¢2 ’
(9.3)
3_ .1 3_ 1 _ .
T T 3 I\
*3 _ *1 *3 *1_ %2
uk = uk , gk zk = uk

The two groups of equations (7.3) to (7.7) and (7.8) to (7.12) simplify
considerably. We restrict attention here only to the group (7.3) to (7.7)
which determine extensional deformations parallel to the laminates. Under

isothermal conditions, (7.3) and (7.5) reduce to

-d




NciB,a"u é' uté = "2";2 ’
Mis,a AT AE S uté) = p2°‘z.5.§ ,
N;&,a'+2(uté"ut§) = 2pla§ ’
Mys.q~V3thy (uté *uty) = 2("1"‘1}‘2/“1)5%
and this leads to
(g +Nog) o = 200, *0005
(20, ¢ < h M) ) o (2}‘1V§ -h,V3) = 2[hjp,m, +hip e /hy 183

Also, from (7.4) and (7.6) we obtain

2 o+ 211 1,11, 2 211 1.11.2 .2 21, .2
ANpy # N = 20A )+ TA e +200A5, + A ) ey, + 2 Au'q Ap)ds s
h
2 o+ o211 1.11, 2 222 1.22, 2 2 21 2
Wy Ny = 2(0A, ) + TAjder ) + 200455 + TAy ) ey, + 2( Azz'q Ap)85 s
2 + a2 + _ 002,12 112, 2
Ny Ny = 2N + Ny = 40A L+ A D)e,
2
2 . 2. M 2
2hyMpg-hoMyz = 2(hy "By rq] EidPm o
2 , h3, 2
+
ZhyMy - hoMyp = 2(h E22 'R EpplP3p o
2 . 2 1 2
2h Vg - hyVg = 2(hy "Ajy -hy A )eq
2
2 1 2 2 My 2
+ 200 2y, -hy Ay )ed, w2 AR A6

It is now a simple matter to discuss harmonic wave propagation in the

is non-zero and

There is a symmetrical SH wave for which ug

x-direction.

e rean e B e D

(9.4)

(9.5)

(9.6)
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* *
A S T s R 9.7)
wz 2A12+1A12 - h chz*h 112 ‘
12 M2 "2 S22 Ca2
When the layers are isotropic, this reduces to the result given by Sum,
Achenbach and Herrmann (1968). In addition, equations (9.4) to (9.6) yield
longitudinal waves for which ui,sé'
2 2 2
h hop,a h
[(2E +-EIE )EZ- (o0, + 271 1)(»2*2‘“_2_ lA]
11 2 "1l 272 2 2
h h h
1 1 1
x [(ZAll-flAll)EZ— (0. + )wZ] _ (ZA - Eg lA )252 =0
11" M1 P1*P; DU W § =0
or
1 213 1.13,.2,2 1 * * 22
[33 (hy “ep3+hy Tepzdhy &7 - g7 (Pohy +eyhy R
h
2 2 33 133 211 111,,2 * * 2
t, Moesathy el X [(hy “epy+hy Tep)& - (oghy + gy )er)
1 2,2,2
- Cegg- teibmiel =0 (9.8)

For the stratified medium considered here, we use the value B=1/12 in the

expressions for 2E11’ 1E11 in (2.19). Again, when the layers are

—

isotropic, (9.8) reduces to the result given by Sun, Achenbach and

Herrmann (1968).




Part B. Laminated Layered Composite Rods

10. Basic equations of the linear theory of orthotropic elastic rods.

k4
Consider a straight rod of constant density p and.at constant

temperature §, bounded by the surface
F(x,y) =0 , (10.1)

where X, = (x,y,z) are rectangular Cartesian coordinates. The rod has
orthotropic symmetry with respect to the X, -axes and has geometric symmetry
with respect to thé x and y-axes. The basic equations of the linear theory
for thermoelastic deformation of such a rod have been given in a number of
previous papers. In particular, we refer to the recent paper by Green and
Naghdi (1979b), which contains explicit values for the constitutive
coefficients. The main equations and constitutive coefficients for iso-
thermal deformation of an elastic orthotropic rod aré summarized below in
Cartesian tensor notation with Greek indices taking the values 1,2 and Latin
indicates the values 1,2,3.

We recall that a Cosserat curve R comprises of a material curve [

and a set of two directors assigned to every point of the material curve;

the two directors are regarded as modelling the shape and the deformation of
the cross-section of the rod. In the reference configuration of a straight
rod, let the material curve be a straight line ih which we identify with the
line of centroid x=y =0 of the rod. Let u and éa denote, respectively, the
infinitesimal displacement vector and the infinitesimal director displacement
of.Ih (or the line x=y=0). Then, referred to the unit vectors e along the

*
x5 coordinate axes, u and § may be expressed as

*
The overbars on § and 6ai in Green and Naghdi (1979b) are omitted here for
convenience. ~
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u=ue. , 8§ =6 e , (10.2)

and the relevant strain measures are

YaB = GaB +GBa s Yy3 = 5a3-+aua/az s Yg3 = 23u3/3z s
. (10.3)
KGB = Bdae/az N 86u3/82 .
The contact force vector n, the contact director forces Py the intrinsic
director forces ﬂa and the external fields f,la, referred to the basis e
can be expressed as
n= nifl » By T paifl ? o - Traifi !
(10.4)
f=fe , 2 =12 _.e.
-~ 1~1 ~0 0l
The basic equations of the linear theory under discussion separate into
four groups, two for flexure, one for extension and one far torsion. These
are summarized below.
Flexure F1
T3 = Py = Kg¥p3 5 My = Ppy = Kygkpgy s
(10.5)
3n,/3z + pf., = p3°u,/3t> , Om,/3z-n,+ph,, = pa 528, /3t
2 2 5 PO » oMy 2% P%3 29 %23
Flexure F2
T3 =M = Kg¥pz s My T-Pyg - kikyg
(10.6)
3n,/3z + pf, = p32u /3t% , 3m./dz+n, - pl,, = - PO, 38, /3t
1 1 1 ’ 2 1 13 1 13
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Extension E C

Ty = Yy kY tkeYag b Ty = Koy #2KoY ) koYay j
ng = Kg¥yy *Kg¥pp+ ZK3rzs
Pip = Kygfiy * % Kygkap o Ppp = E K gy vk, (10.7)
3n./9z + pf, = pdou,/dt?
3 3 3 ’
ap,,/3z+pl,, -7, . = pa 826 /at2 8PAA/03Z + PRy = Mo = PO 826 /Bt:2
11 11”11 1° °11 I &) 22~ 22 2° 22
Torsion T
- = } - =
T2 = Mo T K Op*Ya) s PPy T My
Pra = KiR12* % Kigkan > Pop T KygKp v KKy, (10.8)
3p,,/0z-m  +pl., = pc 826 /E)t2 p,./3z -7, +pl,, = pa 326 /2)t2
P12 127°%12 1° °12 » 9Py 21 7P 2° °21 :
We also record here the value of the constitutive coefficients for a
rod of rectangular cross-section bounded by the planesx =+% a, y =tJ% h,
In terms of the elastic constants s;_?s (or c;'_i) for an orthotropic material
in the three-dimensional theory, the relevant constitutive coefficients are§
* * *
=ahp , ooy =ha% /12 , ou, = ah’p /12 (10.9)
= 11 = 22 33
= 1 = ! = 1
kl- % ah cu s k2 % ah Cyp k3 % ah c33 s
_ 11 — 11 _ 22
k7 /zahc22 , ks—,iahc:.s:5 s kg-’/zahc:33 , (10.10)
£ 1 4.3 13 D S 23 -
ko=t ha’ c3 » ky=gzahcp 5 Ky =0,
These coefficients are special cases of those given by Green and Naghdi (1979b)
but revised values are given here for kj,,k;,4 and ky;. We also note that in the
paper of Green, Naghch and Wenner (1974, p. 501), Eq (8 55) should read
12-/k 2 umR /4[1 + (R’) ]J. In addition, we now set k14=0.
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12
k14 =0 , k.,=k .=%9 , k4 = Yahc12/8 (10.11)

and

= ahd/(12 §33 k. = had/(12 s33

33) s X6 33) (10.12)

le

Previously y was taken to be 8. For vibration problems we set y=5.135,
the first zero of the Bessel function JZ(B). The coefficient @D is the
classical torsional rigidity. For a rod in which a/h > (c /CZS) this
is given approximately by

13 23
23) tan h[Zh ( )"’]} . (10.13)
23 13

The coefficients ks 6 2Te given by expressions of the form (10.26) in Green
*

and Naghdi (1979b). For a rectangular section these are calculated to be

Q=%a 3 13{1 192h (

13,,2 22 (1 ¢ (- 1)“

13770 %33 12t 2 Wznzcosh[n;ra (s ]
22 22 (13 7
2 13533, ,, M® 33 S13.% % n"

=X a® s;o( 2 ( ) Z ’
13 23 23 2n+1!1r
5% e S,z h=0 (2n+1) smh[ (s 23 13) ]

has
12k6

s

2
3 a" s

\
N

(10.14)

2 23,2 11 .1 7 (-1)" )

+a VR
523 33 12 7 7, TT2nzcosh[mm (Sg’;’/sig)é]

2]
=
g

% h

(11 sha il s23 -

2 23 533, S33 S23. % -n"

( 2) = ( ’
3 3 13 2 . 2n+l
}.3 e s;3 n=o (2n+1) smh[——————-( n;h)‘na (s 13 23)'5]

1]
Ny

h

Let the external force vectors applied to the plane surfaces x=% a, x=-%a
and y= %h, y=-%h of the rod be denoted, respectively, by L, _tand by 7

uE' 2}_ and write

"The expression for the coefficients kg and kg are recorded in two different
forms for convenience of computation depending on the magnitude of the
quantity (a/h)(si3/s23)%.
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Then, in the absence

of

-~

ol

~

ol

~

il o o ST i il i

t.e. ,

= .e.
uE u i~i ,Q,E ltl..l

of the effect of body forces in the rod, we have

%h

(+.t. * -E)dy ’

- %h

ka
t t)dx +
J-’/za(,‘l"*ﬂ"') J

%h
%a(,t- _t)dy ,

"
]
[N
[')

x(uE * R,E)dx * [

Ny

-%h

h
y(,t+ _t)dy

¥h 7 -

Ny

%a
[ s

]
N
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11. Composite rods '

We suppose that a rod of rectangular cross-section contains N rod-1like
laminated layers, each consisting of a rod of rectangular cross-section and of
homogeneous orthotropic elastic material at the same constant temperature.

A typical cylindrical layer, the nth, has constant density p; and is bounded
by the plane x= * %a, y=Hnt ’/zhn, z= * %%, where a,Hn,hn,J?, are constants.
Each cylindrical layer is fixed to its neighbors at its major surfaces

y=Hnt ’/zhn so that
+h) , n=1,2,...,N-1 . (11.1)

The mechanical behavior of each cylindrical layer is assumed to be
governed by differential equations for rods in (10.5) to (10.8) but with an

additional index n attached to each symbol. Thus, for the nth layer, we

%*.
.,krll(),pn,p n,a?,ag,... " tn, etc. Since displace-

n ™
k , P
u~ ’‘u’i

232 oK s

ments and force vectors are continuous at each interface it follows that

. n
write n,,T

n+«l _.n n+l n+l _n _, n
1 =% » uw-x Rherly ~ = 0+ AP
(11.2)
n n+l1 -
uE +Ef’. = 9 (n=1,2,...,N-1)
Forces applied respectively tu the outer surfaces y=H1 -4 h1 and y=Hn+ % hn
]
of the composite are
1 N
23 ] UE 3 (11'3)
while forces applied at the surfaces x=% a and x=-% a are, respectively,
given by
L o and  tT H -% hn<y<Hn+»§ h (h=1,2,...,N) . (11.4)

The relevant equations of motion and constitutive equations for each
cylindrical layer are of the forms F1,F2,E and T in (10.5) to (10.9) with

an index n added to each variable.
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12. Simple static solutisns for composite rods

We consider first simple homogeneous extension of the rod along its axis

with zero applied forces on its major surfaces x= t% a, y=H, -% h

1 1’

y=H,+% h,, so that

N N

(12.1)

Recalling (10.2) and the conditions (11.2) we choose the components of the

displacement and director displacement vectors in the forms

_ - n _.n
=Lz , & Mo, 8y, =K,
(12.2)

wy™toud =% K"*1+15hnK" (mn=1,2,...,8-1) ,

n .. .
where L,M,Kn,u7 are constants. The remaining components of displacements and

director displacements are zero. It follows from equations (10.7) for the

n

extensional case that n3,n are constants and we choose the constants

n
11°722
K" such that w27==0 for n=1,2,...,N. The equations of motion in the form
recorded in (10.7) are then satisfied if

pnfg =0 , pnln -0 , pnln

n -
22 111 =9 (12.3)

where

ol
3
]
S—
"%N
j+ V)
—
[+
t
(V=]
+
b
t
v 3
~—t
[a %
<

(12.4)

ke
b
1]
S—
-~
[+
n
_‘f-\
A
-
+
©
ot
(=]
A
b
.
Fad

nn %a n n
o] 2.2,, =k hn I_ a(utz- R,tZ)dx
In view of (11.2)3, (12.1)3 4° (12.3)1 2 and (12.4)1 30 We have
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%a n [%a n
j ut3 dx =0 , ) ut2 dx =0 for n=1,2,...,N

-%a -%a
Since Trr2‘2=0, it follows that
N n n n
Zk2 K —-k7 M-k9 L
and hence
2 n.n
) K™k
n_ N 7 n_"779
"11 = [4k1 - M + [2k8 o L,
2 2
knkn (kn)z
al o= 2k - L 2M + [ad - 2L
3 8 — 3 T
2 2

With the help of (11.2)3 and (12.1)3 4’ it follows from (12.4)2 and (12.3)3

that
N n,n N n
Lo 211 =0 or ¥ wll =0
n=1 n=1

This equation determines M in terms of L. Hence, from (12.7) we obtain

n N
3 n
L =1 n3 n,n
n=1 N n k7k9 2
{z (2, - )}
n,2 8 N
N (k) =1 k
_ n 9 2
=L [4ky - —1 - 7
n=1 k N k)
2 =n 7
T {4k, -
1 =N
n=1 k2

Since n, is the resultant force along the rod and L is the extension, this
gives the effective modulus for extension in terms of the moduli of the
individual layers of the composite.

Next, we consider flexure of a composite rod about the x-direction by
couples over the ends of the rod. The solution of this problem requires
equations of the form F1 in (10.5), but because of the conditions (11.2)

at the interfaces between the layers of the composite, the extensional

52.
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(12.7)

(12.8)
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equations E must also be used. We again assume that the applied forces on
the major surfaces of the composite rod are zero so that the conditions
(12.1) hold for the present problem. In addition, making use of (10.2) and
(11.2), we assume the following values for the nonzero components of dis-

placement and director displacement vectors:

n n

=_1 2.3 n n _ .7 =
u, =-% Pz" +Pz+S , 623 = Pz-P , 611 =M ,
1 _ n+tl n _ - .5 _ -
ug=lz , uz' -uz= (H . -H)Pz-P) (=1,2,...,N-1) , (12.10)
n _.n n+l n _ n+l _
8, =K, ST ost e nn KTy hnx" (n=1,2,...,N-1) ,

where P,F,Sn,L,M,Kn are constants. It follows from equations of “he form

(10.5) for flexural case F1l that

n

m=k"pP , n"=0 , 2" o,f‘;=o. (12.11)

1 15 2 23 ©

Also, as in the extension problem just discussed, we choose the constants

' such that n =0 forn=1,2,...,N. Then

22
2 n,n
(3 Kok
n _ N 7 n_ 79 _
T [4k1 - = M + [2k8 = ][L+P(Hn Hl)] .
2 2 (12.12)
2
KD n
n n 79 n 9
ng [2k8 - M + [4k3 - 1[L+ P(Hn Hl)]
k k
2 2
and equations (12.3) must again be satisfied. It follows that (12.8)2
still holds; and, in addition, we require that there is no resultant force
on the end sections of the rod so that
N N n
g, =0 , Iny=0 . (12.13)
11 o3
n=l n=1

These equations express L and M in terms of P. As before, the conditions

(12.3)1 2 yield the equations (12.5) since zero tractions are specified
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on the surfaces x=t’;a, y=H1 -4 hl’ y=HN+1§ h.N Moreover, because of
(12.5) the conditions (12.11)3 4 are satisfied.

The resultant couple on any section of the composite rod about the

x-axis is

[T -4

n n, _
m1-+Hnn3) =DP , (12.14)

m, =
1 1

n
where P is the curvature of the line x=y =0 introduced in (12.10) and D is
the flexural rigidity of the composite rod. The latter may be expressed in
terms of the flexural rigidities of each constituent layer of the composite rod
and also other elastic coefficients. We illustrate these results by considering
a 3-layer composite rod in which the outer layers 1 and 3 of the rod are

identical and flexure is about the middle line of the layer 2. Then,

= - = - =2
h3 = h1 s H2 =0 , H3 = H1 6(h1-+h2) ,
(12.15)
* * —_ -—
0 3 _ 0 1 ) kf = il . etc
and with the help of (12.12)2 the moment-curvature relation (12.14)
simplifies to
_ el 2 3 1
m = 2m1+m1 -Hl(ns-ns)
1,2
= (2l k? s 2nf ekt - ﬁ)——)}l’ (12.16)
- 157715 13 E& ’ =
2
Flexure about the y-axis is simpler than that about the x-axis. When
flexure is about the y-axis, the only nonzero components of displacement and
director displacements are
u111=-7/zQ22"6z , 5‘:3=Qz-6 , (12.17)

so that from appropriate equations of the forms (10.6) we obtain
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n _ n n _
m, = -k16Q , nl =0 ,

=0 , 2

n

130 - (12.18)

In view of the surface conditions on the composite rod and the continuity

conditions (11.2)3, the last two equations in (12.18) lead to

%a %a
I thdx =0 , J x ty=0 (12.19)
-%a Y -%a Y
The resultant couple about the y-axis is
N n N on
m, = z m, =-Q¢L k16 . (12.20)
. n=1
Finally we deal with the torsion of the rod which is free from applied
tractions over its major surfaces. In this case, we have nonzero components
of displacement and director displacements of the form
]
n __.an L no_ _ -
612 = 621 gz , 613 N uy Fz (Hn HI)BZ s (12.21)
! ) where B,N,F are constants. These satisfy the continuity conditions (11.2)
and, from equations of the form recorded in (10.6) and (10.8), we have
n = n = n - -
m., o, ny k6[N-F (Hn Hl)B] ,
PIF =0, my-pyz =0,
(12.22)
n _.n _ n _ n _.n - "
'ﬂ’lz - TTZl 0 N m3 (2k12 k14)8 98 ’
n n
212 221 ’
where
]
S5.




-

%a 2
nan _ n. .n nn o _ n_ .n
o'f) = I a(uﬁ‘z"ﬂdx s PRy, J_%a"(utz*ztz)d" g

n

p L "

n %a n n
L =J x( t,+ ,t.)dx
137 ) 4, w3 23

a
n_'l/hj (n n
= to-,t)dx , o
21 n_,/zau 271

In view of the conditions (11.2)3, (12.1)3’4, (12'22)3,7,8’ from
(12.23)1’2’3 we have
%a %a
J thdx =0 ,J ut'z’xdx=0
-%a
Also by (12.1)3 4 and (11.2)3 we conclude from (12.23)4 and (12.22) that
N n

z anL =0 or
n=1 13

[ ¢ -4

n
n, =0 ,
nl1

so that there is no resultant force over any section of the composite rod.
The resultant couple acting on the composite rod about the z-axis is then
given by

N

n
= I (m3 - Hnn
n=1

n
M3 1)

and the constant N+ F is determined in terms of 8 by (12.25)2.

When the composite rod consists of 3 layers in which the outer layers
1 and 3 of the rod are identical and flexure is about the line of symmetry
of the middle layer, then the conditions (12.15) apply and the constant F

is chosen so that u§= 0. Using also (12.25)2, we obtain

S S | 2 _
"nl'k6H18 , n;y =0

- - 3
F+HIB—0,N 0,1’11 1

The torsional rigidity of the composite rod can be obtained from (12.22),

(12.26) and (12.27) and is given by

1 2 1.2
ms/B =29 + 9 +2k6H1
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It is difficult to discuss more complex problems analytically without

specifving the number N of the composite layers, but we leave the dis-

cussion of static problems at this point.
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13. A constrained theory of rods

We consider here application of a constrained theory of rods which
has a simpler structure in comparison with the more general theory summarized
in section 10. A derivation of this constrained theory is contained in a
paper of Green and Laws (1973). For a linear elastic rod which has
symmetries of the type discussed in section 10, the equations again
separate into four groups. The flexure groups are the same as F1,2 in
(10.5) and (10.6) but the extension and torsion groups E and T are

replaced by the simpler groups Ec’Tc' Thus

Extension E
—_——

n, = kYSS » Y33 = 23u3/az s

(13.1)
_ 42 2
anzlaz-rpf3 = pd us/at
Torsion T
—_—
127631 » M3 =98,
(13.2)
_ 2 2
3m3/82-+p(212- 221) = p(a1-+a2)8 612/at
A further constraint is often applied to the flexure part of the
problem. Thus, in (10.5) and (10.6), ya3->o while ks and k6-»w, so that
the resultant force components n,n, are indeterminate, i.e., not given by
a constitutive equation. Then, neglecting also the rotatory inertia terms, ]
(10.5) and (10.6) are replaced by
Flexure F 1
2 2 .
m = -klsa uzlaz s
(13.3)

2 2
3n2/31+ pf, = p3 uz/at . aml/az -ny+plog = 0,
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Flexure F 2
—_———c—

_ 2 2
m, = k168 ullaz ,
(13.4)

anllaz +pf, = pazul/at2 s amz/az-rn -pL 0

1 1 13

The constitutive coefficients k 6 for a homogeneous rod of rectangular

15’k1

section are the same as those given in section 10, but the coefficient k has
the value

=2 =2
K, ks + K k2 - kok k
k= 2@k, - L9' 28" 78", _ ah_ (13.5)

== = - 33 X
4k1k2 -k7 2533

Also G is equal to the torsional rigidity @ given in (10.13).

For a composite rod of the type discussed in section 12, the theory of f

the present section may be used if we compute the coefficients k 6,9

15’k1
and k by comparing simple solutions with the corresponding four simple

solutions for extension, flexure and torsion discussed in section 12.
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14. Harmonic wave propagation along the rod

The propagation of simple harmonic waves along a composite rod of N
constituent layers may be discussed on the basis of the theory of section
11. In general the waves can be categorized into two groups, one described
by equations of the type E and Fl and the other by equations of the type T
and F2. To make the analysis definite, it is necessary to specify the
number N of the composite layers and we do not discuss this further here.
There is, however, one subgroup of waves, purely of the type F2, which can
be discussed for the general case of N constituent layers and we consider
this briefly. We assume that all variables contain a factor exp i(§z-wt)
where £, are constants, and this factor is removed throughout. Then,

recalling the continuity conditions (11.2), we choose

n _ n _ _
613 =4 , U =u n=1,...,N)

and take all the remaining components of displacements and director dis-

placements to be zero. Then, from (10.6) and section 11 we have
n,2 n2 R _ n
(kgE” - 0w u-i kg 68 = p"f]

n

(kg

2 nn2 .n . T _ n,n
6€’ - P +k6)6+1 k6 Eu = 0213

Assuming that the major surfaces of the composite rod of rectangular cross-

section are free from applied forces, by (10.16) the quantities f? and 123

are given by

nfﬂ lia n n n.n léa n n
pfy = I_,ﬂ(uﬂ’ztl)d" Y [ a(uts’zts)"d"

-%
In view of (11.2)3, the surface conditions (12.1)3 4 and (14.3) we conclude

that
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(14.1)

(14.2)

(14.3)




N
=0 , Ipf,=0 . (14.4)

With the help of (14.4) we may eliminate u,§ from (14.2) to obtain the

dispersion relation

—24 =2~ = 2 = 2. —= 4 _
@pw - pw (k6+k16F, +alf6£)+k6 165 =0 , (14.5)
where
N N N N
E6=>:k2 , E16=>:k‘1‘6 , p=z " , pa1=>:p“a’1‘ . (14.6)
n=1 n=1 n=1 n=1

When £+ 0, one value of wz-*§i6€4/5'and this is the single value which would

be obtained by using the FCZ flexure equations (13.3) for the same problem.
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